
A Hybrid Approach to Nonlinear System 
Stability and Performance 

The probiems of stability and performance for nonlinear feedback 
systems are examined. A hybrid approach that combines input-output 
and state-space theories is proposed. Within this framework the 
notions of dynamic gain and dynamic incremental gain of a nonlinear 
operator are reexamined and their inability to accurately reflect the 
dynamic behavior of a physical system is demonstrated. The concepts 
of dynamic gain and dynamic incremental gain over sets are introduced 
and their connection to a physical system’s dynamic behavior is estab- 
lished. Theorems are developed that allow the systematic computation 
of these gains through nonsmooth optimal control theory. Illustrative 
examples are provided throughout the paper. 
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Introduction 
Control problems pose two challenges for the designer: a sta- 

bilityproblem to guarantee that the closed-loop system will not 
let the system variables drift away from their desired values, and 
a performance problem to identify and implement a control 
strategy that maintains the system variables as close to their 
desired values as possible. 

Through the years, system theory has been approached via 
two distinct pathways: the state-space and input-output theo- 
ries. 

State-space theory, pioneered by Liapunov and Poincare, is 
based on the realization of a system by a set of first-order differ- 
ential equations and their corresponding initial conditions. The 
notion of stability is quantified by examining the time evolution 
of the system states when their initial values are perturbed. The 
notion of performance is quantified by a cost functional defined 
on the state and input spaces. A recent success of that approach 
is the exact linearization of nonlinear feedback systems in vari- 
ous versions (Hunt et al., 1983, 1986; Isidori and Ruberti, 1984; 
Kantor, 1986; Kravaris and Chung, 1987). 

Input-output theory, first applied by Sandberg (1964) and 
Zames (1 966a, b) does not examine the intrinsic organization of 
the system but rather focuses on its relations with its surround- 
ings. Inputs and outputs are the fundamental variables in this 
formulation, whereas the states, if used, are merely auxiliary 
variables. The system is then regarded as a mapping between 
two normed spaces consisting of the input and output signals 
respectively. Input-output stability is identified with the 
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boundedness of the input-output map, whereas performance is 
quantified by the norm of an appropriately chosen input-output 
map. 

Although both approaches can be used for control purposes, 
input-output theory provides several advantages. In recent years 
many significant developments have taken place in linear 
input-output theory [characterization of all stabilizing control- 
lers for a given plant (Youla et al., 1974), H,  optimization 
(Francis et al., 1984), p analysis and synthesis (Doyle, 1984)]. 
However, the theory’s applicability to nonlinear systems has 
been restricted. A frequent obstacle is that there is no systematic 
way to compute the norm of a stable nonlinear operator, despite 
the fact that this is necessary in tasks such as: 

a. Quantification of open and closed loop stability for nonlin- 
ear systems. Stability theorems (e.g., small gain theorem) would 
then be possible to verify and use in practice. 

b. Lp optimization for nonlinear systems. 
c. Use of the Q parametrization method for nonlinear sys- 

tems (Desoer and Liu, 1982) which hinges on the incremental 
stability of the plant to be controlled. 

d. Assessment of the closeness of two nonlinear operators. 
For example, the approximation of a nonlinear operator with 
fading memory by one linear in dynamics and nonlinear in the 
outputs (Boyd and Chua, 1985) could then be investigated. 

In this paper we propose a hybrid approach that combines 
both input-output and state-space theories. Within this frame- 
work, we examine the standard notions of gain and incremental 
gain of an operator and expose their shortcomings in assessing a 
system’s stability and performance characteristics. Indeed, we 
establish that the notion of nonlinear operator norm is too 
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restrictive and sometimes misleading, since it refers to signals 
taking values in the entire interval (-m, m), while physical mag- 
nitudes are usually constrained in subsets of (-a, m) (e.g., a 
flow rate can take values from zero to a certain maximum, as the 
corresponding valve changes from completely closed to com- 
pletely open, respectively). To remedy these shortcomings we 
introduce the novel concepts of gains and incremental gains over 
sets, which realistically reflect a system's stability and perfor- 
mance characteristics. Within the hybrid framework direct 
computations of gains and incremental gains over sets become 
feasible, thus providing invaluable insight into a system's behav- 
ior and guidelines for the design of an effective control system. 

The remaining paper is structured as follows: In the following 
section we provide mathematical background on input-output 
theory and nonsmooth optimal control. Next, we establish that 
the existing input-output stability notions may be misleading, 
we propose a new formulation of input-output stability for 
dynamical systems and introduce the notions of gains and incre- 
mental gains over sets. Finally, we examine the performance 
problem. 

Mathematical Background 
Input-output theory 

The input-output system formulation (familiar to process 
control engineers as the transfer function approach) has been 
extended to nonlinear systems in Zames (1966a, b), Willems 
(1971), and Desoer and Vidyasagar (1975). 

Within this framework the magnitude of a signal x: [0, m) - 
R" is quantified through its p norm, defined as 

where Ilx(t)II denotes any norm of the vector x ( t ) .  

as 
Signals with finitep norms form a (Banach) space Li, defined 

Thus a signal belongs to L: if its value is bounded for all t 2 0. 

to the physical signal x a truncated signal 
A physical signal always has a finite value. Thus if one assigns 

x ( t )  if t 5 T 

0 i f t > T  1 x,: t - x,(t)  = (3) 

then Ilx,ll, will be finite. This naturally leads to the definition of 
an extended (Banach) space 

Lie 2 {x: [0, m) - R": x7 E L; for all T z O} (4) 

The dynamic behavior of a nonlinear system is described by 
an unbiased nonlinear operator 

N: L;+ LL: u -  y: 0 -  N ( 0 )  = 0 (5) 

which maps input signals u to output signals y. N is commonly 
realized through a set of differential (state) and algebraic (out- 
put) equations. 

The (dynamic) p gain and the (dynamic) incremental p gain 
of N are defined, respectively, as 

It is clear that T, > T2 implies 

since the set of input signals that vanish after t = T, strictly con- 
tains all input signals that vanish after t = T2 < TI. Therefore if 
one restricts the domain of N to signals in L;, it holds that 

and 

(7) 

Finally, the linearization of an operator N: LE - Lk around 
the trajectory uo E Lg is a linear operator L,: L; - Lk such 
that 

Nonsmooth calculus and nonsmooth optimal control 
In the classical optimal control problem (Athans and Falb, 

1966) solved by Pontryagin (1 962), certain differentiability 
assumptions are made with regard to the functions involved. 
Later in this article we demonstrate the interrelation between 
the input-output properties of a system and optimal control 
problems. Since these problems involve nondifferentiable func- 
tions, we present elements of nonsmooth calculus in Appendix A 
and formulate next the nonsmooth optimal control problem. 
Loosely speaking, the solution to this problem follows the "max- 
imum principle" pattern, the difference being that for nondiffer- 
entiable functions generalized gradients take the role of deriva- 
tives. For a very detailed formulation the reader is referred to 
Athans and Falb (1966) for the smooth and Clarke (1983) for 
the nonsmooth case. 

The nonsmooth optimal control problem is as follows: 

L R" x R" - R: ( x ( t ) ,  u ( t ) )  - L ( x ( t ) ,  u ( t ) )  Let 
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and 

f: Rn- R: x ( t , )  - f ( x ( t , ) )  

4: R" x R"- R": ( ~ ( t ) ,  u ( t ) )  - + ( x ( t ) ,  ~ ( 1 ) )  

where L ( - ,  u ( r ) ) ,  f(.), and 4(-,  u ( t ) )  are locally Lipschitz of 
rank KL(u(f)) ,  K,, and K + ( u ( ~ ) ) ,  respectively. Also consider 

i) x ( t )  = + ( x ( t ) ,  u ( t ) )  on (0, t l l  
ii) x ( 0 )  E C, C R", x ( t , )  E C, C R", C,, C ,  closed (but 

iii) u E R = {u: R -  R": u ( t )  E U ( t )  C R m }  
not necessarily bounded) 

Under these assumptions find: 

Remark. No differentiability assumptions are made with 
respect to L , f ,  and 4. If, however, we ask that aL/ax,  aflax, and 
&/ax exist and be continuous then the above problem reduces 
to the classical optimal control problem. 

Fact (Clarke, 1983). Let u solve the nonsmooth optimal con- 
trol problem. Then there exists a scalar X equal to 0 or 1, an arc 
p :  (0, t , ]  - R" and a (Hamiltonian) function 

such that: 

i) Maximum (minimum) principle: 

iii) Transversality conditions: for some 5 E a f ( x ( t , ) )  it 
holds 

iv) Normality condition 

Remarks. 
If C, = R" (free end-point problem) and f = 0, then Eq. 13 

yields p ( t l )  = 0 
.If H is differentiable with respect to x ( t ) ,  then Eq. 12 

becomes 

If the problem is not singular, i.e., no nonzero ~ ( t )  exists 
satisfyingp(t) = - [aq5/ax]'p(t), then X = 1 is sufficient to find 
a solution. 

Input-Output Stability 
Input-output stability and its limitations 

Stability is a focal issue in the study of dynamical systems. To 
quantify that notion the following definition of input-output sta- 
bility is often given: 

Definition. A system represented by the operator N (Eq. 5) is 
said to be L,-stable if 

Qualitatively, this definition states that a system is stable if 
p-integrable inputs yield p-integrable outputs (for 1 5 p < m) or 
if bounded inputs yield bounded outputs (for p = m). 

A more restrictive definition of Lp stability for the system rep- 
resented by Eq. 5 requires that 

with I)Nll, defined as in Eq. 6. This requirement guarantees that 
every input signal u E Lr is mapped to an output signal y 
Nu E L; since, by Eq. 7, llNullp 5- ~ ~ N ~ ~ p  . IIuII, It also implies 
that the amplification of any input signal is finite. 

Remark. For linear systems defined through a superposition 
integral of the form 

y ( t )  = j '  W(t ,  ~ ) u ( r )  dr 
0 

Eqs. 16 and 17 coincide. In fact, explicit formulae exist that pro- 
vide IINll, for linear time-varying systems ( p  = 1,p = m) and for 
linear time-invariant systems ( p  = 1, p = 2, p = a) (Desoer and 
Vidyasagar, 1973). 

Although the above definitions are mathematically sound, the 
following examples provide motivation for reexamining the 
scope of the above notions and redefining their range of applica- 
bility. 

Example 1. Consider a continuous stirred tank heater with a 
heating coil and constant volume V. The heater is modeled by 
the dynamic and output equations 

U A ( T ,  -- T ( t ) )  

PCP 

(F, + AF(t ) ) (T;  - T ( t ) )  + 

A T ( t )  = T ( t )  - T, (18) 

where T = T, + AT and F = F, + AF are the controlled and 
manipulated variables, respectively. Then Eqs. 18 define an 
unbiased operator 

N: L_, --* Lmc: AF - AT 
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Using the theorem of Appendix B and the minimum principle of 
optimal control we show in Appendix C that 

SUP lAT(t)  I 
llNll, = SUP = w  

A F E L =  sup I AF(t) 1 
rro 

Hence, according to the definition in Eq. 17 the system 
described by Eq. 18 is unstable. 

This conclusion is of little value, since it refers to a situation 
which cannot physically occur. As Eq. C17 indicates, llNll, is 
infinity if 

UA UA 
M ( t ) = - F , - - - F ( t ) = - -  forall t r O .  

PCP PCP 

This suggests that a negative flow rate would result in instabili- 
ty. Since the flow rate is always positive this stability warning is 
of little value. From the previous discussion it becomes apparent 
that llNll,, as defined in Eq. 7, is not an adequate stability indi- 
cator. Physical signals are constrained in subsets of Lz and 
should be considered as such. 

Example 2. Consider a nonisothermal CSTR modeled by the 
dynamic and output equations (Stephanopoulos, 1984) 

AT(t)  = T ( t )  - T,, AC,(t) = Ca(t) - C,, (19) 

and define the operator 

N AQ - (AT, AC,) 

Also consider that the system operates at the upper of three 
steady states (Figure 1). Then, according to definition in Eq. 16 
the system is "L,-stable," since all bounded inputs result in 
bounded outputs, while it is "L,-unstable," for all p E [ 1, a), 

since there exist eventually decaying input signals that can per- 
turb the system so that it reaches the lower steady state. This 
broad stability characterization, although not captured by anal- 
ysis of locally linearized model dynamics, cannot quantify the 
stability domain associated with the steady state A. 

Input-output stability over sets 
The preceding examples have demonstrated that the notions 

of stability, as defined in the literature, can be misleading and 
may not accurately reflect the dynamic properties of a system. 
Next, we define dynamic stability within its natural setting, 
namely over sets of physically meaningful input signals. 

Definition. A system N: LPm, - L;e is stable over the set W C 
L," if for every piecewise continuous u E W we have that 
IINull, < m , p  E [ I , - ) .  
In the above definition u is not simply required to belong to L," 

but rather to be contained in a set Wwhich appears explicitly in 

temperrtnrt 

Figure 1. Nonisothermal CSTR steady-state diagram. 

the definition of stability. As a result, stability regions for the 
operator N can be identified. 

To present a more demanding notion of stability that guaran- 
tees finite amplification of input signals we introduce the con- 
cepts of gain over set and incremental gain over set. 

Definition. The dynamic gain of the unbiased operator 
N LE - Lk over the set W C L r  (or simply set gain) is defined 
as 

Y f O  

Definition. The dynamic incremental gain of the unbiased 
operator N: LE - Lk over the set W C L; is defined as 

UlfUZ 

Definition. A system N LF -r Lie isfinite gain stable over the 

Definition. A system N LE - L a  is finite incremental gain 

The set W identifies these input signals that are physically 

set Wif 11 Nllpw < m. 

stable over the set W if 11 Nllbw < m. 

important and is often selected as 

W =  {u: R -  R ? t -  u ( t )  

where /lullp < m, umin 5 u( t )  5 u,,, V t 2 0)  

Computation of gains over sets 
For the above definitions to become operational and useful it 

is necessary that the gains IINlIpw and IINllApw be computable. 
Next we present a series of theorems that make feasible the 
computation of these gains. 

Theorem 1. 
Let N - LL: u - y: 0 - 0 with W = {u E L,"such that 

0 < Ilull, 5 6). Then 

For proof, see Appendix B. 
Theorem 2. Let N LPm, - L;e and L,: LE - LC be an 

unbiased operator and its linearization around the trajectory u,, 
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respectively. Let also W be a convex subset of L,". Then, for p E 
[ I ,  m l ,  

For proof, see Appendix D. 
Lemma. Let N: Lg - L;.: 0 - 0: u - y be realized by the 

equations 

x ( t )  = dJ(x(t), u ( t ) ) ,  ~ ( 0 )  = a, d(a,  0) = 0 

y ( t )  = C x ( t )  + d, Ca + d = 0 (24) 

with x ( t )  E R', u ( t )  f R", y ( t )  E R", and +: R P  x R" - RP 
locally Lipschitz with respect to its first argument. Then the 
linearization L,: L z  - L;e of N about u,( .) and x , ( . )  is real- 
ized by 

&(t )  = A ( t ) h ( t )  + B(t )u( t ) ,  h ( 0 )  = 0 

Y ( t )  = C W t )  (25) 

where 

For proof, see Willems (1 97 1). 
Lemma. Let the linear operator X :  

defined by 
Lg - Lte: u - y be 

( X u ) ( t )  = $' W(t ,  7)u (7 )  d7 
0 

where W(t ,  7 )  E R""". Then 

where )I W ( t ,  7)1Ii denotes any induced norm of the matrix 
W(t,  7 ) .  

For proof, see Desoer and Vidyasagar (1 975). 
Theorem 3. The dynamic set-incremental gain of the operator 

N: LE' - LEe defined by Eq. 24 is given as the solution of the 
following nonsmooth optimal control problem 

where 

For proof, see Appendix E. 

Remarks. 
If W = L,", then the above theorem yields the incremental 

gain of N. 
If the inf in the above theorem can be substituted by min, 

then the nonsmooth optimal control problem is solvable using 
the nonsmooth minimum principle. 

Example 3. For example 1 ,  described earlier, consider the 
heater modeled by Eqs. 18 with u 2 AF and y AT'. We shall 
compute IINllmwfor W 2 {u E L-1 -F, 5 u ( t )  5 F,, t E 10, m ) ]  

andIINllA-wfor WL{u:R-RR(  - c s u ( t ) = ~ b , t f  [O,m)}.To 
compute (INl(,w, we get, from Eq. C15 

Then, theorem 1 suggests that 

ITi - TsI 
(CL7) UA = (T,  - Ti)  3 .; m (27) 

PCP 

To compute ~~Nl~AmW, we set up the following nonsmooth optimal 
control problem, as suggested by theorem 3: 

o<:EEcF, I F, - AF,,, + - I UA 

under the constraints 

To characterize the optimum we solve a number of fixed termi- 
nal time nonsmooth optimal control problems. For each of these 
problems the Hamiltonian, from Eq. 10, is: 

H(AF(7))  ' H ( @ ( 7 ) ,  AT(7), pi (7) ,  p2(7), AF(7)) 
UA (T,  - Ti) 

= - X  @ ( T ) -  AT(7)  + 1 :( pcpF, + UA 

The adjoint "equations," from Eq. 12, are: 

I 
where lim @i = @(7) ,  # 0 
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and 

lim ATi 
I 

where -p2(7)  E aATH = co 

> 0 (33) 

UA (T ,  - Ti) 
= AT(T) ,  AT, f - 

pcpF, + UA 

UA(T,  - Ti) 
= { - c ( 7 )  + &(7)d(7)} .  if AT(7) + 

pcpF, + UA 

UA(T,  - Ti) 
i fAT(7)  + = 0 (35) 

pcpF, + UA 

The transversality conditions, from Eqs. 13 and A4, are: 

where 

a(.) 2 x 1 + ( a 7 ( 7 )  + UA (T ,  - Ti) 
pcPE, + UA 

1 UA 
b(7)  z v ( A F ( 7 )  + - + F,) 

PCP 

C ( 7 )  + ( 7 ) -  I :I 
The solution of this problem, presented in Appendix F, yields 

Remarks. 
.Equations 32 and 35 indicate that for + ( T )  = 0 and 

[UA(T,  - T,)l/(pc,F, + UA) = 0, thevaluesofpl(7)andp2(~) 
are not uniquely determined. Instead, closed intervals where 
they lie are known. This, however, has no impact on pI (7 )  and 
p2(7),  provided that Eqs. 32 and 35 hold only on sets of measure 
zero, namely at  isolated instances. If this is not the case, the opti- 
mal control problem posed above can be viewed as a free-termi- 
nal-time problem and the additional condition 

can be invoked. 
It should be noted that the upper bound for AF(7) is not 

involved in the preceding computations. Therefore for 

W r {u: R - Rl -e  I u ( t )  < m, t E [0, m)} 

we get the same set-incremental gain. In particular, if W (u: 
R- RI -F,  5 u ( t )  < rn, t E [0, m)}, then I(Nllamw = (T ,  - Ti)  
pcp/UA. This corresponds to all physical signals that may enter 
the system and clearly exemplifies the significance of working 
within subsets of Lp. 

It can be verified that if W contains 0, then 

IINIlApW lINllpW 

(See Appendix G.) Therefore, as Eqs. 37 (for t = F,) and 20 
suggest, (T ,  - Ti) pcp/AU 2 (T ,  - Ti) pcp/AU should hold. 
Indeed this is the case, since T, z T,. 

For this particular example the equations involved are 
explicitly solvable. In general, two-point boundary value prob- 
lems will arise which require numerical solution, as demon- 
strated next. 

Example 4. Consider the CSTR of example 2, with parame- 
ter values as in Table 1. To compute llN/l,,w, we set up the fol- 
lowing nonsmooth optimal control problem: 

Find 

under the dynamic constraints 

Table 1. Parameters Used for Example 4 I 
F = 1.133 ml/h 
V -  1.36m' 
C,, = 8,008 mol/m3 
(Y = 7.08 x lo7 h-' 
E/R = 8,375 K 
Ti 5 373.3 K 

AH, = -69,775 J/mol 

p = 800.8 kg/m3 
Steady State 

cP = 3,140 J/kg * K 

Qr = 1.055 x lo8 J/h 
T, = 547.6 K 
c,, = 393.2 mo1/m3 
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where W, 2 {AQ: R -+ RI -@Qs 2 AQ(7) 5 @Qs V 
The Hamiltonian, according to Eq. 10, is 

E [o, t ] } .  J/h, relatively close and, as expected, below the values of the 
set-incremental gains computed above. 

,,,,,,,,,... .,.. ............ ............ ............ .......................................... 

The minimum principle then yields 

I 

+ E ( ~ ( T ) ,  ~ ( 7 ) )  I -PQ, 5 w 5 PQJ 

which in turn dictates that AQ(T) = PQ, sgn[p2(7)] when 
pZ( r )  Z 0. The adjoint “equations” are set up according to Eq. 
12 and the transversality conditions become p , ( t )  = p z ( t )  = 

p,(O) = p4(0)  = 0. For X = 0, the adjoint equations accept only 
the solution p ,  ( T )  = p 2 ( ~ )  = p 3 ( 7 )  = p4(7) = 0 (the problem is 
normal). 

For X = 1, we first presume a profile for AQ and a sign for @2 
We then solve numerically the resulting two point boundary 
value problem through forward and backward integration with 
corrections on the presumed profile of AQ. For *5% and *lo% 
maximum deviation of Q from its steady state value (P = 0.05, 
P = 0.10), and for fixed terminal time, the control AQ which 
yields the extremum is AQ = @Q,. By repeating the solution for 
increasing terminal time we observe that the objective function 
levels off a t  5.15 x K/J/h as t-  m. These 
are the L, incremental gains of the CSTR over the sets Woo, and 
W,,,,, respectively, Figure 2. It should be stressed that this 
CSTR is not expected to be incrementally stable over all physi- 
cally meaningful input signal sets, due to the presence of multi- 
ple steady states. 

Indeed, an infinitesimal change in AQ near the middle operat- 
ing point B, Figure 1 ,  will result in a finite change in the steady- 
state temperature, thus resulting in infinite incremental gain. 

Remark. By applying Eq. 25 to the linearized model of the 
CSTR around steady state A it is straightforward to calculate 
the incremental gain of the corresponding linear operator 
(which coincides with its m norm). Its value is 4.94 x lo-’ K/  

and 5.31 x 

= 

8 

a -  - - ,,,,,,,... .,.. ............ ............ ............ .................................. 

I 
5 10 15 20 

upper bound of integration t, br 

Figure 2. L,-set-incremental gain of CSTR. 

Input-Output Performance 
The performance issue for a closed loop system refers to the 

deviation of this system’s output from a desired value. There are 
two distinct formulations of the performance issue, namely the 
set-point tracking and disturbance rejection problems. Without 
loss of generality we consider next the disturbance rejection 
problem. For the classical feedback scheme, Figure 3, this prob- 
lem is mathematically quantified by the requirement that the 
gain of the nonlinear operator S ( N ,  K ) :  d - y be small. Since N 
and/or K are nonlinear, it is clear that gains over sets must be 
considered. In the example that follows we demonstrate the use 
of the L, set gain of the operator S ( N ,  K)(IIS(N, K)ll,W) as a 
closed-loop performance analysis tool. 

Example 5. Consider the heater modeled by Eq. 18, with 
manipulated input u AF/F,, output h ATIT,, and distur- 
bance d 2 AT,/Tis. A model reference scheme controller, which 
happens to be a PI controller K ( s )  = (s + a ) / b  t s (Table 2), is 
used to regulate the system. The closed-loop operator 5’: d - y is 
realized by the following equations: 

The minimum principle yields 

I - w + E ( x ( T ) , ~ ( T ) ) :  6’ 5 w 5 6’ 

which in turn dictates that 

T K N 

Figure 3. Classical feedback scheme. 

AIChE Journal April 1989 Vol. 35, No. 4 565 



I Table 2. Parameters Used for Example 5 I 
v= 1 m3 

_ =  28 m3/h 

Ti, = 300 K 
T, = 375 K 

PCP 
Steady State 
F, = 2 m3/h 
T, = 370 K 

The adjoint "equations" are set up according to Eq. 12 and the 
transversality conditions become 

p , ( t )  = -1, i fy( t )  > 0 
= +1, i fy( t )  < 0 

E [- I ,  I ] ,  i fy( t )  = 0 

P z ( t )  = 0 

To solve the nonsmooth optimal control problem, we employ the 
following iteration scheme. 

1. A terminal time t is assumed. 
2. A sign is chosen for the coefficient of the disturbance d(7)  

in the Hamiltonian. 
3. Application of minimum principle yields a candidate d(7 )  

which is used to integrate the state equations forward, and then 
the costate equations backward. 

4. The sign of the coefficient of d(T) in the Hamiltonian, and 
the value of the Hamiltonian, are evaluated for the states and 
costates identified in step 3. 

5. If the sign in 4 does not coincide with that in 2, then step 2 
is repeated. 

6. If the value of the Hamiltonian is not zero, a new terminal 
time t is chosen and step 1 is repeated. The results are depicted 
in Figure 4. 

Remarks 
The extremizing d is bang-bang with one switching from -6 

to 6 a t  T. 
The nonlinear operator's set gain tends to the linearized sys- 

tem's gain as the maximum allowable value of the disturbance 
signal tends to zero. 

The nonlinear operator's set gain is strongly dependent on 
the maximum allowable value of the disturbance. As a result, a 

= 
- L a  

Y 
Y R. 0.044 

I . _i 0 . m  
0.00 0.01 0.02 0.m 0.04 0.m 

6 

Figure 4. Closed loop L,-set-gain of heater. 

5% deviation of the disturbance from its steady state value 
causes 3.8% deviation in the output of the linearized system 
while the output deviation of the nonlinear system is 4.9% which 
is 30% larger than that predicted by linear analysis. 

*The time after the switching a t  which the extremum of 
Iy(t)I is achieved is a monotonically increasing function of 6. 
This indicates that the nonlinear system's behavior becomes 
increasingly sluggish as the disturbance magnitude increases. 
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Appendix A: Mathematical Background 
on Nonsmooth Calculus 

rank K, a t  x E R" if there exists K 

Dejinition. The function$ R" - R is locally Lipschitz, of 
0 such that 

for y , ,  y, in a neighborhood of x. 
Definition. Let$ R"-  R be locally Lipschitz of rank K at  x. 

Then the generalized directional derivative off a t  x in the direc- 
tion v, denotedf'(x; v) is defined as follows: 

1,O 
1-0 

Remark. Observe that the point x where the generalized 
directional derivative is considered is only implicitly introduced 
into the above ratios. I f f  is differentiable a t  x, then Eq. A1 
reduces to 

which is the directional derivative off in the direction v. 

is defined as the subset of R" given by 
Definition. The generalized gradient off a t  x, denoted af(x), 

8f(x) = I< E R":f"(x;  U) 2 (5 ;  V )  V Z, E R") (A2) 

Remarks. 
0 Observe that df(x) is not a single point in R" but a whole set. 

In fact, it can be shown that af(x) is a nonempty, convex, closed 
and bounded subset of R". Moreover, knowingf"(x; v) is equiv- 
alent to knowing 8f(x) since, by Eq. A2 

fob; v) = max { ( L  v): E df(x)) 

Whenfis differentiable everywhere,f"(x; v) reduces to the gra- 
dient off. 

0 The computation of 8f(x) from its definition is hardly ever 
carried out in practice. Instead, just as in differential calculus, a 
subsequent fact is invoked which covers the most significant 
class of nondifferentiable functions occurring in practice, 
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Proof. It holds that 

Figure 5. The convex hull of a set in R2. 

namely those which fail to be differentiable only a t  isolated 
points. 

Definition. A set W is convex if 

a x + ( ]  - a ) a E w v x , a € w , v a E [ O , 1 ]  

Definition. The convex hull of a set W, denoted COW, is the 
smallest convex set containing W. (See also Figure 5 . )  

Fact (Clarke, 1983). Let$ R"- R be Lipschitz near x. Let Q, 
denote the set of points around x where f fails to be differen- 
tiable and S any other set of isolated points. Then 

df(x) = co{rlr = lim Vf(xi)Ixi- x,  xi 6 (a, U S ) }  (A3) 

Remark. The meaning of Eq. A3 is the following: consider 
any sequence xi (hence not uniquely determined) in R" converg- 
ing to x while avoiding both S and Q,and such that the sequence 
Vf(x,) converges; then the convex hull of all such limit points is 

Definition. Let C C R". We define the distance function d,: 
W X ) .  

R " - R b y  

d,(x)  2 inf IIx - cI1 
CEC 

Definition. The tangent cone T,(x)  to C C R" a t  x E C is 
defined as the set 

T,(x) {V E R": dz(x;  V )  = O} 

Definition. The normal cone N, (x)  to C C R" a t  x E C is 
defined as: 

N,(x)  k E R": (L v )  5 0, V v E TAX)} 

Remark. It can be shown that NRn(x)  = TRn(x) = {0) and 
N,(x) = T,(x)  = R" for a E R". I t  also holds that if x E C C 
R" and x = ( x , ,  x2)  with x ,  E C, and x2 E C2 then 

Appendix B: Computation of ~ ~ N ~ ~ p w  

R" such that 0 < (Iull, 5 61. Then 
Theorem 1 .  Let N LE- Lie: u -+ y :  0 -+ 0 with W z  {u: R -  

Now let 

Then V t > 0 3 u, with 0 c IIueIlp = 6' I 6 such that 

Since Q. B4 holds for any c and Eq. B2 holds simultaneously, it 
must be 

Appendix C: LaGain of a Heater 
It holds that 

SUP I A T W  I 
IINII.. = SUP lSO 

uEL, sup lAF(f )  I 
120 

Based on the theorem of Appendix B we have 

Therefore, we need to first identify 

given that 

Since 
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we need identify only T,,,(t) and T,,,(t) for all fixed t in [0, m). 

The Hamiltonian of the corresponding optimal control problems 
can be written as 

sought, respectively. Thus 

The costate equation implies that 

Therefore 

% f i ( P ( T )  + E )  = W F  

and since, for physical reasons, it is always 

Ti - T(7)  < 0 

we conclude that 

The resulting extremal policies are 

F(7) = Fmi. (AF(7)  = -AFmax), 7 E (0, t ) ,  

to achieve T,,,,,(t) and 

F ( T )  = F,,, (AF(7)  = AF,,,), 7 E (0, f), 

to achieve Tmin(r). The extremal value of T ( t )  is 

From Eq. C10 it is straightforward to show that for t, > t ,  

T ( t , )  > T ( f 2 )  when F = Fmi, (C11) 

and 

T( t , )  < T ( t 2 )  when F = F,,, (C 12) 

Thus if AT(r ,  A F )  denotes the solution of Eq. C1 at  time t corre- 
sponding to the policy AF, we have that 

inf T ( t )  = inf T,,,(t) 
120 1.0 

IAF(r) IcAF,,, 

Given that F,, = F, - AF,,, and F,,, = F, + AF,,, we have 

I T ( t )  - T,I = max {T(m, -AF,,,) - T,, sup 
lAF(l) ISAF,. 

In0 

T, - T ( a ,  AFmax)] = T(m, -AFmax) - T,. (C15) 

Therefore, the L,-gain of the operator N is: 

After some algebraic manipulations Eq. C 16 yields 

where F is either F,, or F,,,. 

UA 

PCP 

for AF,,, = F, + - > 0 (C17) 
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Appendix D: Linearization Operator Gain and 
Incremental Gain 

Theorem 2. Let N: L; - LFe and Lu,: L p  - Lie be an 
unbiased operator and its linearization around the trajectory u,, 
respectively. Let also W be a convex subset of Ly. Then, forp  E 
[ 1 , m I  

Proof. Based on Eq. 8 we have that 

= o  llN(u, + u )  - Nu, - Luoull, lim 
llu/l"-o lIullp 

It also holds (triangle inequality) that 

Taking limits and using Eq. D1 we get 

By substituting u, + u by ul and u, by u2, and since L,  is linear 
we can write 

where Vis a neighborhood of 0, excluding 0. Next we prove that 
for a E Rand ul # u2 we have 

dN(ul  + a(u2 - u , )  
da = L"l+a("z-uld~z - 

Indeed, 

Thus we have: 
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Now pick V, = V, = Wconvex. Hence, by Eq. D6 

(D4) and (D7) - 

Appendix E: Incremental Gain and Nonsmooth 
Optimal Control 

Proof. The unique solution of Eq. 25 is 

h ( t )  = B(t, O ) a X ( O )  + $ 'O( t ,  T )B(T)u(T)  d7- 
0 

--y(t) - $' CO(t, 7)B(7)1((7) d7 A 
0 

where e( t ,  7 )  is the state transition matrix defined by 

-_ - - q t ,  7 ) ~ ( 7 ) ,  e(r, t )  = I ae ( t ,  7 )  

a7 

By applying lemma Eq. 26 we get: 

Application then of theorem 2 yields 

= sup 1- inf J'  - 11 Ce(7)B(7) 
tE[O.-) UOEW 0 

Appendix F: L, Incremental Set Gain of a Heater 

UA(T,  - Ti) 

UA (T ,  - Ti) 
(2 AF(7)  = 

Therefore it holds that result.) Thus Eqs. 30 and 33 hold everywhere on (0, t ] ,  and com- 
bined with Eq. 36, yield: 

@(TI 0, VT E (0,4 

pI (7 )  = Lr exp [ - 
V 

In addition, from Eq. 18, we have 
. - (AT(#)  1 + UA(T,  - Ti) 

V P C ~ F .  + UA UA(T,  - Ti) 
AT(7)  + = T(7)  - Ti > 0, V7 E (0, t ]  

P C T s  + UA p 2 ( ~ )  = (7 - t )  i e x p [ [ i A F ( r )  dr 

for fundamental physical reasons. (It should be noted that elab- 
orate but straightforward mathematical analysis yields the same 
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Hence, by Eq. F1, we get that This is the m set-incremental gain of the operator N describing 
the heater. 

UA(T, - T;) 

Claim, The value of Eq. F2 is 1 .  Indeed 

- h J ' e x p [ l b ( A F ( r )  + - uA PCP + F, 1 1  dr 

UA (T, - T;) ) d s > O  (F3) 

and, since t > T 

uA PCP 1 1  - ( t - r ) e x p [ ~ ~ ( A F ( r ) + - + F s  1 dr 
V2 

UA(T, - Tj) 

PCfS + UA 

Combining Eq. F4 with Eqs. F3 and F2 we get that 

Then it holds: 

= I E sup 10.4 
(1 - e x p [ - ! - ( g + F , - - ~ ) t ] )  

+Fs - t  
PCP 

_ _  
UA + pcP(F, - E) V 

. exp[- i(g + F, - E)'] 

Appendix G 
Proof. 

Since N is assumed to be unbiased we have N ( 0 )  = 0 and Eq. G1 
yields 

IIN4 - Nu211p ~ sup 11 Nu 11 p 
SUP 

Y I . Y Z E W  11u1 - u*llp Id€W llullp - IINI Iapwz  IINIIpw QED 

Notation 
V - for every 

@ - does not belong to 
C = subset of 
U = union 

( -, - ) - inner product 
11 11 = norm of a vector 

E = belongs to 

A - area of heat exchange 
co - convex hull 
C, = concentration of A 
cp = specific heat 

d&) - distance of x from C 
E - activation energy 
F - flow rate 

vf(x) = gradient offat x 
f " ( x ;  u) = generalized directional derivative off: R" + R at x in the 

direction v 
H - Hamiltonian 

AHR = heat of reaction 
11 - 11, = induced norm of a matrix 
inf = largest lower bound of an ordered set 

Li - Banach space of p-integrable n-vector-valued functions 
Lk = extended Banach space of p-integrable n-ve.ctor-valued 

lim sup - yields the largest accumulation point of a set 

functions 
N = nonlinear operator 

llNllp - dynamicp gain of N 
IlNIl, = dynamic incremental p gain of N 
IINllpw - the dynamicp gain of Nover the set W 

IINllMw = the dynamic incrementalp gain of N over the set W 
N (x) = normal cone to C C R" at x fi - / I p  = p norm of a vector-valued function 

// a /IpI - extended p norm of a vector-valued function 
p = costate vector 
R - gas constant 
R - set of real numbers 

R" - space of n-dimensional real vectors 
R'"' = space of 1 x 1 real matrices 

sup = least upper bound of an ordered set 
sgn(.) -signof 

T = temperature 
Tc(x) - tangent cone to C C R" at x 

U = heat transfer coefficient 
u = input vector 
V - volume 
x - Cartesian product 
x = state vector 
y - output vector 
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Greek letters 
(y = kinetic constant 

~ ( t ,  7 )  = state transition matrix 
* ( 7 )  = O(t, 7 )  

4 = function R’ x R” - R‘ 
X = constant equal to 0 or 1 
p = density 

d f ( x )  = generalized gradient off: R”  - R a t  x 

Subscripts 
c = coil 
i = input 
s = steady state 
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